J. Pluid Mech. (1973), vol. 60, part 2, pp. 321-362 321

Printed in Great Britain

The laser-Doppler velocimeter and its application to
the measurement of turbulence

By WILLIAM K. GEORGE
Applied Research Laboratory, The Pennsylvania State University

AND JOHN L.LUMLEY

Department of Aerospace Engineering, The Pennsylvania State University
(Received 31 January 1973)

In 1964, Yeh & Cummins demonstrated that coherent light sources could be used
for the measurement of steady fluid velocities by observing the Doppler shift in
the frequency of light scattered from small particles moving with the fluid. Since
1964 many investigators have attempted to extend this technique to the measure-
ment of turbulent velocity fluctuations.

A fundamental limitation on this type of velocimeter is the Doppler ambiguity
introduced by the finite transit time of particles through the scattering volume,
turbulent velocity fluctuations across the scattering volume, mean velocity
gradients and electronic noise. A unified account of the effect of the Doppler
ambiguity on the measurement of the instantaneous velocities is presented and
results are interpreted using the power spectrum. The influence of the ambiguity
on the measurement of other statistical quantities is also examined.

Limitations on the spatial and temporal resolution imposed by the finite
sampling volume are examined using the power spectrum and criteria for
optimization of the response are proposed.

An operational laser-Doppler velocimeter is described and measurements of
spectra in both laminar and turbulent flow are presented. The experimental
results are seen to be in excellent agreement with theoretical predictions.

Part 1. Theoretical investigation

1. Introduction 1.1. Historical background

In 1964, Yeh & Cummins successfully measured velocity profiles in a liquid by
examining the frequency shift in monochromaticradiation scattered from particles
in the liquid. The scattered and unscattered radiation was heterodyned on
a photocell producing an electrical signal at the difference frequency; the spec-
trum of this difference frequency was examined by conventional techniques.
Since 1964, numerous investigators have applied this technique to the measure-
ment of mean-square fluctuating velocities and instantaneous velocities in the
unsteady flow of gases and liquids (Foreman, Lewis & Thornton 1966; Pike et al.
1967; Welch & Tomme 1967; Lumley, George & Kobashi 1969). Recent attempts
have been made to measure turbulence in the atmosphere and ocean using radar
and sonar as incident radiation (Wiseman 1969; Little 1969; Lhermitte 1968).
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1.2. Nature of the problem

Considerable attention has been given in the literature to the choice of optical
components, scattering particles and electronic signal processing (Huffaker,
Fuller & Lawrence 1969; Mayo 1969; Davis 1968; Rolfe ef al. 1968). The sources
of noise have been identified and theory for optimization of the signal-to-noise
ratio has been developed. In spite of these advances, the most basic question
has not been answered; that is, how does the instantaneous Doppler frequency
relate to the instantaneous flow velocity?

The fundamental problem in attempting to relate the Doppler frequency and
the flow velocity is that even in a steady laminar flow the Doppler frequency is
not steady. The signal received by the photocell is the sum of the signals pro-
duced by all the scatterers present in the scattering volume at that instant; the
individual signals may have the same frequency, but each has a phase dependent
on its position in the scattering volume at some arbitrarily chosen origin in time
as well as an intensity dependent on position and particle size.

Additional problems in interpretation arise from the fact that in unsteady or
non-uniform flow particles at different locations in the sampling volume may be
moving at different velocities. The velocimeter sees a spatial average of these
velocities; theresult is aloss in spatial resolution and the introduction of additional
random phase fluctuations.

1.3. The scope of this investigation

Part 1 of this paper will first examine the spatial and temporal resolution of the
laser-Doppler velocimeter and criteria for meaningful measurements will be
established. Second, the effect of the random phase fluctuations introduced by
the Doppler ambiguity on attempts to measure statistical quantities in turbulent
flow will be examined. In part 2 an operational laser-Doppler velocimeter will be
described and measurements in both laminar and turbulent flow will be presented.

2. A description of the velocimeter
2.1. The photoelectric current

The typical laser-Doppler velocimeter employs a scattering beam which is
focused at some region in the flow, part of whose light is scattered from neutrally
buoyant particles suspended in the flow. This scattered radiation is collected by
a photocell and mixed with a reference beam.

The current produced by the photocell is given by the integral over the
photosensitive surface of the intensity of the light striking it; hence

o
Ttot = MJf | B (2", yg,2)+ 3 Esk(x”, Ya,2)|2dx" de, (2.1.1)

s k
where M is the photoelectric constant of the photocell, § is the photosensitive

area, K, i3 the complex amplitude of the reference beam at the photocell and
E, is the complex amplitude of the light scattered from the kth particle, where



The laser-Doppler velocimeter 323

Scattered Reference
beam beam

F1curg 1. Scattering co-ordinates. Origin of all co-ordinate systems is chosen
at centre of scattering volume (z is normal to plane of paper).

the co-ordinates are defined by figure 1, and where the summation is over all
the scattering particles. Expanding (2.1.1), we have

ttot = Mff;{ErEf+EerE:‘k+E;" %E3k+2klz E, Ej}d«"dz, (2.1.2)

where * denotes the complex conjugate.

The first term of the integral may be identified as the self-beating of the
reference beam. The spectrum of these laser amplitude fluctuations is centred
at zero frequency and at frequencies corresponding to the mode spacing of the
laser. If these bands do not overlap the Doppler shift spectrum, this term may be
removed by filtering (cf. Edwards ef al. 1971).

The last term contributes to the total current in three frequency bands: in
the frequency range from zero to a value representative of the maximum velocity
differences in the volume, in a similar symmetric interval around twice the mean
Doppler frequency, and finally in a band around the mean Doppler frequency
owing to the heterodyning of the forward-scattered reference beam (assuming
this passes through the flow) and the Doppler-shifted light from the scattering
beam. Because of phase cancellation resulting from the fact that the scattering
volume is many light wavelengths across, only the ¢ = j (diagonal) terms of the
double summation will contribute to the current. If the scattering particles are
modelled as spherical radiators, the primary effect of this term may be shown to

be to restore the scattered part of the reference beam; hence, the double summa-
tion term may be ignored.

21-2
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For convenience, we shall define
¢ = MffsE;"%ESkdx”dz (2.1.3)

as the complex current. Changing the order of summation and integration in

(2.1.3) we have
i= MY f f E*E, do’ dz. (2.1.4)
kJJs

Thus the net current ¢ is simply the sum of the currents generated by each
individual scattering particle; we may write the current for a typical particle as

, Where
o bep = Mffs EX@",yy,2) Bg(a”, yy,2) da” dz. (2.1.5)

Ifthe scattering particles are small compared with the wavelength A, of thelight,
they may be modelled as spherical radiators (van de Hulst 1957). We write

CP
Esp(R) = m exp{jk‘R X, l} (216)
where j =,/ — 1 and we have taken
R = (2",y3,2)
and IR—x31% = (2" —2p)* + (ya — ¥p)* + (2" —2)°

where x, denotes the scattering-particle co-ordinates and C,, is the scattering
doefficient chosen in the manner of Mayo (1970). Substituting (2.1.6) into (2.1.5)

we have
* exp{]k’R X !} ”
| ~ MC,Eyx {”E e e’ ds (2.1.7)

The term in curly brackets has been identified by Mayo (1970) as the inverse
propagation convolution of K, (z",yy,2) and therefore speciﬁes the form of the
reference beam at the position of the particle, that is E,(xp, ¥y, 2,). Thus

by = MCLE (), 55, 2,) BF (2, Yy, 2), (2.1.8)

where it should be noted that E, and K, are expressed in different co-ordinate
systems. Mayo (1970) has shown that, by defining an equivalent reference beam,
an equation for ¢, of the form of (2.1.8) may be obtained even when there are
spatial filters between the scattering volume and the photocell. It should be
noted that those results were obtained by ignoring the obliquity factor of scalar
diffraction theory (cf. Goodman 1968) and the difference between the wavelengths
of the incident and scattered light. The first assumption is valid for small
aperture and the second for particle velocities well below that of light (cf. Lading
1970).

Usually E,(x', y',2) and E,(x",y", z) are determined by focusing Gaussian cross-
section beams to their diffraction-limited spot sizes at the desired flow locations;

hence, E.(x",y",2) = Eg,exp{— ("2 +2%)[20%} exp {.7‘(2”?/”/)‘)},}

2.1.9
B, y'2) = Eosexp{— (22 +2%)[20% exp {j(2my'[A)}, .
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Ficure 2. Scattering volume for § = 45°.

where E, and E; are the amplitudes at the centre of focus and where o is given by

2% oA

o

fo is the focal length of the lens and d is the distance between the 1/e? intensity

points of the beam at the lens. For convenience we have chosen the focal

lengths of the two lenses to be equal to facilitate interpretation of results. Also,

the depth of focushas beenignored since for all reasonable valuesof the parameters

it is larger than the effective beam cross-section defined by (2.1.11); hence, the

beam cross-sections are considered constant along the direction of propagation

near the focal point.

Substitution of (2.1.9) into (2.1.8) and transformation to the velocimeter co-

ordinate system x (see figure 1) yields

(2.1.10)

ip = 31 exp {—[2} cos? $0 + y sin? 16 + 22 }/oP} exp{ jamA -tz sin 6}, (2.1.11)

where X, = (2,,¥,,%,) represents the co-ordinates of the scattering particle in
the velocimeter co-ordinate system and where we have defined

I = 2MC, By, By;. (2.1.12)

(Note that we have not restricted the direction of the mean flow to correspond
to the x direction.) Clearly

oy = 0/2%cos}l, o, = 0[2tsin}h, o= 0/2% (2.1.13)
represent characteristic dimensions of the scattering volume (see figure 2) and
K = (4m/A)sin 0 (2.1.14)

represents a scattering wavenumber for the velocimeter configuration.
We may now write the real current from a single scattering particle as
a2 R 2

. Z
= I A T 2.1.
1, = I exp {2U%+ 20_%+ 20%} cos Kz, (2.1.15)
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where we have dropped the subscript p. Note that I is the amplitude of the
current produced by the particle when at the centre of the scattering volume.

2.2, The signal from moving particles

If we define a = (a,b, ¢) to be the initial position of the scattering particle which
at time ¢ is at X = (z,y,2), we may write

t
x(a,t) = a-i-J Ula,t,)dt,,
0
t
y(a,t) = b-l—J V(a,t;)dt,, (2.2.1)
0

¢
z(a,t) = c+f Wia,t,)dt,,
0

where U(a,t) = [U(a,t), V(a,t), W(a,#)] is the particle velocity.

Tt is clear from (2.1.15) that the instantaneous phase of the signal from a single
scatterer is given by Kuz. Using (2.2.1) we may separate this phase into a fixed
phase v and a time-dependent phase Q(t), where

y = Ka (2.2.2)

and Q1) =K f : Ula,t,)dt,. (2.2.3)

The rate of change of phase d€Q/dt is easily seen to be proportional to the particle

velocity, Le- iQ_gd f ‘Uta,t) dt, = KUG@,1). (2.2.4)
dt dt)o

If the scattering particle is assumed to move with the local fluid velocity, then
U(a,t) is the Lagrangian fluid velocity or the material velocity (cf. Serrin 1959),
which depends only on the initial position a of the fluid particle and the time ¢.

It is clear from (2.1.5), (2.2.1) and (2.2.4) that if no more than one particle at
a time is in the scattering volume, one need only count the zero crossings of the
signal to obtain the velocity. If this procedure is repeated many times, the
probability density of particle velocities may be obtained; the measurements are
contaminated only by the resolution of the counting techniques used. All real
time information is, of course, lost since the particles arrive randomly.

In the remainder of this paper we shall restrict ourselves to situations where the
expected number of scattering particles in the scattering volume is greater than one.
Since, with this restriction, the velocimeter output consists of contributions from
many particles, identification of the rate of change of phase of the Doppler
current with the Eulerian veloecity at the scattering volume will not be without
ambiguities.

We shall define an effective velocity ‘seen’ by the velocimeter as the in-
stantaneous velocity averaged over all scattering particles contributing to the
Doppler gignal, i.e.

wlt) = f f f o Vgl uls(a, ]da (2.2.5)
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where g(a) is a random weighting function which accounts for the presence or
absence of the scattering particles as well as their size, where w(x) is a deter-
ministic function with random argument which accounts for spatial variations
in the Doppler current and, in effect, defines the scattering volume, and where u
is the expected number of scattering particles per unit volume. For the situation
described above w(xX) is given by

B 1 2 R

i) = (2m)2 o_lo_zo_anp— {57‘_%+§7‘§+27§}' (2.2.6)
For a monodisperse collection of point-scattering particles, g(a) is the familiar
Dirac delta function d(a) at each particle location. The statistics of ¢ are de-
veloped in the appendix. For a finite scattering volume with w(x) = constant
over the region of definition and zero elsewhere, (2.2.5) is mathematically
equivalent to

uo(t) = E Ulay,1), (2.2.7)

1n1

where N is the instantaneous number of scattering particles in the scattering

volume. We shall see later that the V and W velocity components may be

accounted for separately and that u,(f) corresponds to the Eulerian velocity,

which we intuitively feel should be measured by a spatially fixed instrument.
We now may define, using (2.2.5), an effective displacement X(t) by

1
X(t) = fo wuglty) dt. (2.2.8)

Using (2.2.1) and (2.2.8) we may write the x co-ordinate of a particle as

a(t) = a+ X (1) + A, 1), (2.2.9)
where Aa,t) = f t [Ula,t,) — uy(t,)1dt;. (2.2.10)
0

Clearly, A(a,?) is a Lagrangian property and represents the deviation of the
particle displacement from the average displacement over the field.

By combining (2.2.9) and (2.1.15) we may obtain an expression for the current
produced by a single particle with the Eulerian information occurring explicitly.

2.3. The total Doppler signal
From (2.1.4), (2.1.15) and (2.2.9) we may write the total Doppler current as

. Y
z(t)=%3]exp :2 2—i-:zla’_"2+—2—-}cosK[a +X+A,] (2.3.1)
where (Z,,, Yum> 2s) a0d (@, by, €,,,) TEPresent respectively the position and initial
position of the mth particle and where, as before, the summation is over all
scattering particles.

Since the scattering volume is actually unbounded, the number of scattering
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particles is infinite and (2.3.1) is inconvenient. We may write the total Doppler
current in a more convenient form as

i(t) = f ) i(t,a) g(a) da, (2.3.2)
all space

where i(f,a) is the current generated by a single particle and where, as before,
g(a) is its strength at each initial position. We note that both i(¢,a) and g(a) are
random funetions: i(¢,a) because of its dependence on the random displacement
field of the turbulence and g(a) because of its dependence on the (random)
presence or absence of a particle. The representation (2.3.2) is an extension of that
used by Rice (1954) for shot noise (cf. Lumley 1970, p. 80).

Since the particles are randomly located in the flow, g(a) is statistically in-
dependent for different values of a. Hence, i(t) is the sum of a large number of
statistically independent random variables whose absolute third moments may
be chosen to be bounded; we have by the central limit theorem (cf. Lumley
1970, p. 30) that the characteristic functional of i() is Gaussian in the limit
of many particles. In fact, it can be shown that the approach of the characteristic
functional to Gaussian is inversely proportional to the square root of the effective
number of scattering particles defined by po; 07,05, where p is the expected number
of particles per unit volume.

By defining
F(t) = exp—{—x—2+ v }cosK[a+A(a Hlga)da (2.3.3)
all space 20—% 20-2 0% 7 o
i @ 22 yz 22 X A
an ) = — exXp—{——+ =+ —:8in +A(a,t)]g(a)da (2.3.4
() fall space P {20-% 20’2 20 } [a ( )]g( ) ( )
we can write (2.3.2.) as
i(t) = F(t)eos KX + G(t)sin KX. (2.3.5)

From the definitions and by reasoning of the same kind as was applied to i(2),
it is straightforward to show that ¥ and @ are also Gaussian random variables.
Using a well-known trigonometric identity, we have

i(t) = (F2+ @)icos (KX —¢), (2.3.6)
where ¢ = tan~' (G/F). (2.3.7)

A typical detector removes the amplitude information by amplifying and
clipping and keeps only information on the zero crossings, giving a signal
proportional to frequency, say w;, where

dX d¢
dt  dt’
or w, = Kuy(t)— ¢. (2.3.9)

We have thus obtained not only the Eulerian-like velocity which we sought,
but also a term representing the random phase fluctuations introduced by the
particle motion. It remains to be shown that w,(t) and ¢ are statistically in-
dependent or at least uncorrelated. Before proceeding to an examination of the

statistics of w;, we shall first analyse u,(f)— particularly its dependence on the
u component of the Eulerian velocity field u(x, y, z, ).

=K— (2.3.8)
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3. Spatial and temporal resolution
3.1. The spectrum of uy(t)

The mean-square fluctuation of uy(t) is given by
() = [atgft) —ualH) T (3.1.1)
where u,(t) is the expected value of u,(t). From (2.2.5) it follows that

1

%(?) =/;Lu spacec @,f)g@ wxa,t)jda (3.1.2a)

= -1-f U(x,t)g(x) w(x)dx =f uX, ) w(x)dx (3.1.2b,¢)
H#Jan space all space
if the fluid is assumed incompressible (cf. Lumley 1961). It is clear from (3.1.2¢),
that, if the mean velocity profile has appreciable curvature across the scattering
volume, u, will not correspond to the velocity at the centre of the volume. This
has been previously pointed out by Edwards et al. (1971) for laminar flows and is
certainly of primary importance in many capillary flows.

If the mean velocity profile is constant (or linear) across the scattering volume,
we have

ug(t) = u(x, t)fw(x) dx

= u(X,?). (3.1.3)

Thus the mean value of u,(f) is identical to the average Eulerian velocity at the
centre of the scattering volume under the above restrictions.
We compute the mean-square effective velocity in a similar fashion:

ug? = (U~ Up)?

-1z [ e 900 ) 0] w(x) daf

=—ff w(x,t)u(x',t) g(x) g(x’) ()w(x’)dxdx’—/%Uu(x,t)g(x)w(x)dx}z.

(3.1.4)
Using (see appendix)
g(x)g(x’) = p?+ pd(x —x’) (3.1.5)
and Byy(x,2") = [u(X, t) — u(X)] [u(x', ) —u(x")] (3.1.6)
we have
Ut = f R, (%, X') w(x) w(X') dx dX’ +i f w2(X) w(X) dX. (3.1.7)
For homogeneous turbulence «? is independent of x and
1 1
~|wi(x)dxr = —, 3.1.8
HECEE (3.1.8)
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where V can be taken as the effective volume. But 4V is the average number
of scattering particles in the effective volume, say &, and we can write

1 —
— (w2 + @), (3.1.9)

= [ @t # ) dl+ 7
14

where ®y,(k) is the #-velocity spectrum and ¥ (k) is defined by
W (k) = (k) D*(k), (3.1.10)

where @(k) is the Fourier transform of w(x). We may rewrite this as

"
ul? =J cbu(k){W(kHNiV} dk+§;a2. (3.1.11)
Intheusual case, to which we restrict ourselves, N, > 1 and the half-power points
of #'(k) are at high wavenumbers relative to the turbulence; thus we shall
neglect all but the first term. The neglected terms can be shown to arise from
averaging through periods in which there is no signal. (It should be noted that
the last term will result in a contribution at zero frequency in the spectrum and,
equivalently, a time-independent non-zero correlation. This will be of im-
portance when (u'2Np,[#?) ~ O(1).)
From the definition of w(x) given in (2.2.6)

#(k) = exp— —k%—+~]‘f%—+-—@} 3.1.12
=Pk T ImE T am2 ) (8.1.12)

where k = (k,, k,, k;) are the wavenumber components of spatial variations in
the (x,y,2z) directions respectively and where (k,, 4, ny) are wavenumbers
defined from the scattering volume parameters as

ky = 1/2 0, my = 1/2%0,, ny = 1/20,. (3.1.13)

Ttisclearfrom (3.1.4)—(3.1.7)and (3.1.13) that spatial variationsin velocity smaller
than the extent of the scattering volume will be attenuated.
The one-dimensional velocity spectrum of the turbulence is defined by

Fly(ky) = j j oy, ey, k) ey, (3.1.14)

where u'? =jw LENUAY (3.1.15)
Using (3.1.11) we define

k2
k) = oxp{ = [ @ulhs b ) oxp | 2

where wOR = j Fy(ky) dly. (3.1.17)

k3
~ gt [ dhadly, (3110

9.2
*®

The relation between Fy(k,), the measured spectrum, and the true spectrum is,
of course, of great interest.
If we restrict ourselves to isotropic turbulence we may write (cf. Batchelor

1960, p. 49) Dy (key, g, big) = (B (k) /4mrk?) [k? — k3], (3.1.18)
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where k% = k3+ki+k% and E(k) is the three-dimensional spectrum function
(cf. Batchelor 1960). Using (3.1.18) one may show that

© 2
FLy(ky) = 2L E;k) [1—(22)} dk. (3.1.19)
If we define f=sini0 (3.1.20)

so that m, = fn, from (2.1.13) and use (3.1.16) and (3.1.18), it is tedious, but
straightforward, to show that

Fy(ky) = yexp{—k3/2k2 }f { (_1)2}

x exp{ — (k2 — k2) (1 + B?) /4m*}10{ (k2 —K3) (1 — B2)[am*?y dk, (3.1.21)

where I, is the zeroth-order modified Bessel function of the second kind. Usually
S = sin 10 is small since the scattering angle is small.
Pao’s form of the spectrum E(k) is given by

E(k) = ak—%exp { - 3a(kn)}, (3.1.22)
7 is the Kolmogorov microscale defined by 5 = (v3/¢)* where ¢ is the rate of dis-
sipation of turbulent energy per unit mass and v is the kinematic viscosity (Pao
1965). By substituting (3.1.22) into (3.1.21) and letting £ = k,/k we have a form
suitable for numerical computation:

Fyk) = hoxp{—j2ks ol [ (1- £ €8 exp {— falkn/o))
x exp { — [k3(1 — £2) (1 + B2)[4mf £} L, [Ki(1 — &%) (1 — %) [4mf, £2] dE.  (3.1.23)
Non-dimensionalizing by the Kolmogorov variables ¢ and v we have

kyy = ];1, My = My, N = (Vale)%,}

()L F(k,) = F(k,). (3.1.24)

F(k,) has been computed from (3.1.23) and is shown in figure 3 for several
values of 774 where # = 0-145. The true spectrum F1,(%,) is also shown for com-
parison. It is clear that, when k;, becomes of order 7y, the spectrum shows
significant attenuation. The degree of attenuation is shown more clearly in
figure 4, where the velocimeter transfer function defined by Fy(k,)[Fi,(k,) has
been plotted for several values of #i,, with § = 0-145, which corresponds to
16 ~ 81°. Figure 5 plots the wavenumber at which the spectrum is reduced to
half its true value (the half-power point) as a function of #, for values of
B = 00725, 0-145 and 0-29 or equivalently 460 ~ 4°, 83° and 17°. The curves are
seen to be approximately linear on a log-log plot; clearly, the dependence on angle
is diminishing as the angle becomes smaller.

In order to illustrate more clearly the effect of the attenuation at high wave-
numbers the true and measured rates of dissipation, say D, and D,,, were com-
puted from D

Da f * BE(k,)dk, / f kY (k) dk,. (3.1.25)
r J-o ~o

D,,/D is shown in figure 6 as a function of 77i,. It is obvious from the graph that,
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Ficure 5. Half-power points of velocimeter transfer function.
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Ficure 6. Ratio of measured to true turbulent energy dissipation.

333

if the dissipation is to be measured to 10 9%, accuracy, i, must be nearly unity;
that is, the largest dimension of the scattering volume must be at least as small
as the Komogorov microscale. These results are similar to those obtained by
Wyngaard (1968) for a hot wire and may easily be extended to the measure-
ment of cross-stream velocity components.

The analysis of this section would be incomplete without a discussion of the
assumptions which were made regarding the character of the turbulence, namely,
incompressibility, homogeneity, stationarity and isotropy. This situation is, of
course, dynamically impossible; however, as long as the size of the scattering
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volume and the passage time of the particles through the scattering volume are
very much smaller than the length and time scales characteristic of the turbulence
evolution, and the Reynolds number is large, these assumptions are approxi-
mately fulfilled and the analysis is valid.

3.2. Velocity deviations across the scattering volume

Because of the finite dimensions of the scattering volume, velocity gradients
will exist across it. The mean-square velocity deviation at any point in the
scattering volume is defined by

(UTx(@, £), ] — wg(t) I (3.2.1)

It is simple to show that the average mean-square velocity deviation is given by
Au? = U'%(a, ) — uy(t)®. (3.2.2)

Under the assumptions of incompressibility, homogeneity, stationarity and
isotropy it follows immediately from (3.1.4) that

Au? =fk @,,(k) {1 — 7 (k)} dk. (3.2.3)

From (3.1.14) and (3.1.16) we have

R = f " P (k) - Fy(ky)] dky, (3.2.4)

which may be computed as a function of (k,, m,,n,) as in (3.1.23).

More physical insight may be gained, however, by relating (Au)? to the rate
of dissipation €. By expanding the exponential of (3.2.3) in powers of k,/k,,
ky/m, and kgfn, and assuming that k,,my, n, > 0-29~1 (the peak of the dis-
sipation spectrum) we may neglect terms of order greater than two to obtain

(Au)® = %k;zf k3 5y (ky) ey + dmic f k3 Fy(k,) die,
+ nz? f B (k) dk,  (3.2.5)
Assuming isotropy, from Batchelor (1960, p. 45) we may write (3.2.5) as
Bap e ()| Lyt 1
(Au)? ~ (15») [2k1 tox i (3.2.6)
Using the definitions of k,, m, and n, we may write
e 1 . 1+2cosid
(Au) (15V) [mi:] [1 +sin 20{——2 ost30 ||’ (3.2.7)

where 0 is the scattering angle.
For a scattering angle of @ ~ 12°, sin 16 ~ 0-1 and

1+42cos 0

in?10 | ———=-1 ~ 0-015.
ST [ 2 cos? 10 ] 5
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Fi1cUure 7. Root-mean-square velocity deviation within the scattering volume.

Thus for a small scattering angle

s € 1
(Au)? ~ (—15V) [m—i] (3.2.8)
From (3.2.8) and (3.1.2) we may write

[(Au)?]t = (15)-% (ve)t mizl. (3.2.9)

We recognize (ve)t as the velocity scale associated with the dissipative turbulent
eddies. Thus, if the turbulence does not change, the root-mean-square deviation
from the volume-averaged velocity is seen to increase linearly with the largest
dimension of the scattering volume. This is consistent with what one might have
expected intuitively.

Since k, and n4 are almost always much larger than m, and generally chosen
near -1, where the spectrum is falling off very rapidly, another approximation
to (3.2.3) may be obtained by ignoring the effect of k, and n, and integrating
over k, and k, to yield

Bt ~ f " P (ky) [1 —exp { — K3/2m2 )] dy, (3.2.10)
where F2,(k,) is the transverse spectrum and is defined by

72, (ky) = f Dyl o, ) ey (3.2.11)
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Equation (3.2.10) is useful in estimating (Au)? from experimentally determined
spectra where the conditions for the asymptotic estimate of (8.2.9) may not be
satisfied or where the Reynolds number may be too low to permit an accurate
determination. from Pao’s spectrum as in (3.2.4). Clearly (3.2.10) reduces to
(3.2.9) when my7 > 0-2.

The dimensionless root-mean-square velocity deviation (Au)*/(ve)t has been
plotted as a function of 7, in figure 7. Values obtained numerically using Pao’s
spectrum in (3.2.10) and (3.2.4) with # = 0-145 coincided to within 5%, and
were plotted together. The asymptotic estimate of (3.2.9) is seen to be accurate
to within 109, when 7, > 0-3; for values less than this it significantly over-
estimates the turbulent deviations as would be expected from the shape of the
spectrum.

Tt should be emphasized that (Au)? includes only fluctuations about the volume-
averaged velocity u,(t) and does not include the fluctuations of u,(¢) in time, which
must be considered separately asin §3.1.

4, The total Doppler broadening

4.1. The correlation 1(2) (")
The total Doppler current was seen to be given by (2.3.2). We define X as the
effective displacement due to u,(t), that is,

X = f;a;@ dt, = ut. (4.1.1)

By taking the probability densities of the turbulent displacements to be
Gaussian, we may write

PIX(t)—X@), X(t') - X(t)]
= (27,; ey exp {—[(X(t) - X (1)) — (X(#') - R(¢")]/202}, (4.1.2)

P[A(a, 1), Aa, )] = exp{—[A(,t)— A, t)]/20%)}, (4.1.3)

1
@mio,
where

ot = [(X() - X() - X(¢) + ()] = f 0 f 0 T (ty) —Tiglta)] [tle) —Tialta)]
t—t

=W(t—t')f_ [1— s ]p(x)dx
0 i1
~ w¥(t —t') for small times (4.1.4)

and

i = [Aa,t)—Aa,t’) f f (U@, t,) —uo(t)] (U @, ts) — uy(ts)] di, di,

i—t

= 3Bk (—t) f

0

[1— ad ]po(x)dx

~ (Au)? (£ —1t')? for small times. (4.1.5)
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Since the turbulence is assumed homogeneous, incompressible, stationary and
isotropic, and since the g(a) are statistically independent for different values of
the argument, we may compute the i(t)i(#') correlation in a straightforward
manner using (2.3.2), (4.1.2) and (4.1.3). We have

T g - (502 S 22) 1 22 )

xexp{ Kzo§/2(1+;:2+-oi)}cos{ KX- X)/( 2022+0.i)}. (4.1.8)

From (2.3.5) we may also write
1(t)t(t") = F@) F(') cos KX cos KX’ + G(t) G(t') sin KX sin KX’
+Ft)G(t")Ycos KX sin KX '+ F(t')G{f)cos KX'sin KX. (4.1.7)

Following the same procedure as was used to derive (4.1.6), it may be shown
that to order exp { — K?0?%}, where K20} > 1, that

FOFQE) ~ GG (4.1.8)

and FOGE) ~ o. (4.1.9)
In fact,

Tl (558 5 2)

_j‘_)lff_f’_ _ (24 o4, 0%
xexp{ Ka'z(%_% +20_%+20_% cos | K(X —X") 5o 1-{-20_2+20_2

(4.1.10)
Furthermore,
cos K(X —X') = exp{—}K202} cos K(X - X). (4.1.11)
Inspection of (4.1.6)—(4.1.11) reveals that when
o7 04
205" 5 <1 (4.1.12)
equation (4.1.7) reduces to
i(t)2(t') = F() F(t') cos K(X — X'). (4.1.13)
To justify (4.1.12) we note from (4.1.6) that, when
K202 ~ KW/¥t—t')2 > 1, (4.1.14)

the correlation #(2)4(¢t') ~ 0. Hence, we need only concern. ourselves with times
of order

T ~ 1/28Ku. (4.1.15)
It follows that :
o2 1 1
75~ 1A < (4.1.16)
2 2 2
o 1 (Au) 1 o2 (4.1.17)

== <-=.
202~ 4 u'® Ko  20%

22 FLM
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Ficure 8. Spectruin of the Doppler signal current.

Hence to order exp { — K202}, where K202 > 1, we have
TR 22 (X — X2
z(i)_z(t ) exp{-—K 0'A+(X X"
()

= B 10t }exp{—%K%_?c}cosK(X—X') (4.1.18)

and

FOF@) _ {_K%g (X-X'y

0 T (4.1.19)

It is straightforward to show that the effect of the particle meandering in the
y and z directions is also smaller than exp { — K202} where K202 > 1.
In summary, we have derived the correlation coefficient for the Doppler

current 1(t) o(¢') [i%(t) and for F(t) F(t')[F%(t). Moreover, since F and G are Gaussian
and are therefore oompletely determlned by their second-order statistics and
since X is assumed (Gaussian, we have from (4.1.19) that the fluctuations of
F and @ are statistically independent of the fluctuations of X(t), a fact of major
importance since the centre frequency fluctuations may be treated separately
from the ambiguities.

4.2. The spectrum of the Doppler current
From (4.1.13), we have

0it+7)  FQOFI+7)
@ F

Let Pw) = FFQ) Ft+1) 1)} (4.2.2)
and G(w) = Fleos K[X(t)— X(t+ 7)1}, (4.2.3)

cos K[X(t) — X(t+1)]. (4.2.1)
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where # denotes the Fourier transform. The spectrum of the current is then

given by I(w) = FEE) G +1)/20) (4.2.4)
or using (4.2.1)

I(w) = Fw)+G(w) = f ’ F(w,) Qo —w,)do,, (4.2.5)
where * denotes a convolution and we have used Parseval’s relation. It is easy
to show that Fw) = exp{— w?[2(Aw)?}, (4.2.6)
where (Aw)? = (Aw;)*+ (Awg)?, (4.2.7)

(Awp)? = u*20% = (kyu)?, (4.2.8)
(Awg)? = K*Au)?, (4.2.9)

and that
G(w) = exp{— (0 —)*/2(Aw,, )%} +exp {— (0 + @)% [2(Aw, )%,  (4.2.10)
where @y = Ku, (4.2.11)
and (Aw, )? = K22, (4.2.12)

Hence the spectrum of the Doppler current is given by

I(0) = exp{— (0 —©,)*/2(Aw® + AW} )} + exp{ — (0 + ©p)*/2(Aw® + A )}. (4.2.13)
Thus the spectrum consists of Gaussian peaks centred at + @, and is shown in
figure 8 for laminar and turbulent flow.

It is clear that, when there is no turbulence, the total Doppler bandwidth is
given by Aw = Awy,.
In a turbulent flow, however, the turbulence contributes to the Doppler broaden-
ing in two distinet ways: first, through the broadening due to variations in
velocity across the scattering volume, Awy; and, second, through the fluctua-
tions of the volume-averaged velocity, Aw, . It should be noted that, because of
the Gaussian model used for both the volume-averaged velocity and the velocity

variations across the scattering volume, the latter, (Au)2, merely serves to restore

the attenuated part of u'® to «/2. This unfortunately does not appear to be true
in general and the two types of broadening contribute in distinct and separate
ways to the total broadening.

Other factors may contribute to an ambiguous broadening of the Doppler
spectrum such as gradients of mean velocity across the scattering volume, the
Brownian motion of the scattering particles and a non-monochromatic light
source (cf. Edwards et al. 1971). If these effects were Gaussian in nature, the total
Doppler bandwidth could be given by

(Bandwidth)? = Aw] +Awh +Awd + Avg + Awk + Awi, (4.2.14)

where Awg, Aw, and Aw, represent mean velocity gradient, Brownian motion and
source broadening respectively. We shall ignore these effects in the remainder
of this paper.

Borrowing a term from RADAR terminology, we shall call Aw, the Doppler
broadening rising from sources other than the fluctuations of the centre frequency,
the Doppler ambiguity.

22-2
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4.3. Measurement of turbulent intensities from the spectrum

Since the envelope of the Doppler current spectrum is dependent on the prob-
ability density of the integral X(t) of the velocity field uy(t), we may attempt to
derive information about the turbulent velocities by examining the spectrum.
When the probability density of X(¢) is Gaussian, we have seen that the total
Doppler broadening is proportional to the root-mean-square turbulence velocity
(u®)t. The foregoing analysis must be taken into consideration whenever one
attempts to measure mean-square fluctuating quantities from the spectrum of
the Doppler signal. When the fluctuations of w, are of order Aw, the fluctuating
velocities can no longer be distinguished from the fluctuations due to the Doppler
ambiguity. The problem is illustrated graphically in figure 8. The limit of resolu-
tion may be taken as

Awfo, < u'[4. (4.3.1)

It should be noted that, because of the broadening Aw, due to turbulent
velocity variation, the intensity values measured from the spectral broadening
may not be corrected by simply subtracting the values measured in laminar flow
as suggested by some authors (Pike et al. 1967; Goldstein & Kreid 1967). Failure
to account properly for the Doppler ambiguity may explain the anomalous results
of Greated (1969). '

5. The instantaneous signal
5.1. The spectrum of v,
The output from a typical FM detector was given by (2.3.9) as

0y = Kuyft) - 4.
Assuming that Taylor’s hypothesis is valid in the flow under consideration, we
may write
@« , —_— 0 o 4: al
1) = tat o] 7 F( ') — I s
ug(t) Lw elet qZ (), dZ(o) dZ*(a') {Fo(a/ﬁ)da/ﬁ, y a,,} (5.1.1)

b= ewanio), W@ = (30 2T%) 612

where F, is the spectrum of 4, and N is the spectrum of the phase fluctuations.
Substituting into (2.3.8), we have

0, =K f " eietdza)- f gt AN, (). (5.1.3)

Since the phase fluctuations and Ku, are uncorrelated, the spectrum of w, is
given by
K2 Fy(aft)[u+ N(a).

The problem of measuring turbulent spectra has thus been reduced to ‘what
is N(a)?’
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5.2. The nature of the phase fluctuations

Since F and G are identically distributed Gaussian random variables, we may
take F' and ¢ to be the co-ordinates of a point in the z, ¢ plane, which moves in
such a way that it has a circularly symmetric Gaussian distribution. ¢ is the angle
subtended by the radius vector to the point and the x axis.

It is evident that ¢ is not stationary. If ¢ begins from zero, say, then for times
short compared with 27/Aw the probability of finding |@| > 27 will be small;
as time passes it becomes more and more likely that ¢ will have made one or
more revolutions about the origin. If ¢(¢) is stationary,

B(t) = $(0) + f :qS(t')dt', (5.2.1)

P() P(t) = $(t) $(0) + f ;qi(t) ) dr'. (5.2.2)

As we let t — o0, ¢(t) p(0) - 0 and
de*t) [
&2 f 0 4()

f s dt+7)dr, t—t=r,

¢ pt+7)d (5.2.3)

since the correlation is symmetric. Hence, the value of the spectrum at the
origin is given by

[ — 13
NO) = 5[ FOFErar =2 (524

This clearly will be non-zero sinee ¢ is non-stationary.
The joint characteristic functional of F and G is determined entirely by one
parameter Aw; consequently, that of ¢ will also be determined only by Aw. Hence,

we must have on dimensional grounds
dgldt o« Aw (5.2.5)

with an unknown coefficient, hopefully of order unity.

5.3. An exact expression for the correlation (t) g(t+ 1)t

It was shown in (2.8.5) that the Doppler current under appropriate restrictions
could be represented by

i(t) = F(t)cos KX +G(f)sin KX,

+ Earlier presentations of this work (cf. Lumley ef al. 1969; George 1971) appear to be
based on a faulty assumption regarding the correlation of the radial and angular com-
ponents of the signal. The authors are grateful to Professor N. Berman for calling the work
of Rice and others to their attention.
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where X = X(¢) and F and ¢ are Gaussian random variables. Alternatively

i(t) = (F2+ G2t cos (KX — @),

where tan ¢(t) = QfF.
Differentiating we have
d¢ FG-GF
o) = 2 = Forem - (5.3.1)
The correlation ¢(t) ¢(¢ +7) is then given by
G1F1—F191) Gze—Fsz)
= 3.2
B = (i (P Fizer ) (5.3.2)

where the indices 1 and 2 refer to the two time points ¢ and {47 and where
ensemble averages have to be performed using the joint probability density of
the eight variables £, @y, F,, Gy, F,, G,, F, and G,. This probability density is
an eight-dimensional Gaussian distribution and the problem is identical to that
of filtered noise detection in an FM receiver (cf. Lawson & Uhlenbeck 1950;
Rice 1948; Middleton 1950). The correlation of the random phase fluctuations
may be shown to be given by (Lawson & Uhlenbeck 1950, p. 373)

. g
By(r) = %(g—%z) log (1-p%), (5.3.3)
where p(r) = F) F(t+1)[F? = G(t) G(t +7)/G2. (5.3.4)

Of particular interest is the fact that B,(7) becomes logarithmically infinite as
7 — 0. This may be explained physically by noting that, since the displacement
in one direction and velocity in the orthogonal direction (of the point moving on
the plane) are independent, arbitrarily large values of the angular velocity ¢
can occur, corresponding to a finite linear velocity and arbitrarily small (ortho-
gonal) displacement. As a consequence of this behaviour, any attempt to measure
turbulent energy u? by averaging the squared output signal is rendered futile
since

0t = K22+ ¢? (5.3.5)
and ¢? = oo,

We have already shown that F and &' have Gaussian correlation functions

p(1) = exp{—}(Aw)?7%}. (5.3.6)
The corresponding Ey(7) is then given by
Ry(1) = — 3(Aw)?log (1 —p?) (5.3.7)

and is shown in figure 9. Recall that this will be added to the correlation of the
turbulence and will render the measurement of microscales difficult at best, if
not impossible.
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F16URE 9. Autocorrelation R,(7) of the phase fluctuations.

_ e
Ry(n) = 310§+ = 3 (-2 0g (1-p9, ptr) = exp[—4(awry)

5.4. The spectrum of the random phase fluctuations

Substitution of (5.3.6) into (5.3.3), expansion of the logarithms in powers of p?
and Fourier transformation term by term gives the following form for the
spectrumt (cf. Rice 1948):

1 ® o?
N(oc) = R‘Awngln %exp{—m}. (5.4.1)

Aslong as & < Aw, the effect of the exponential is small and
N(x) 2 N(0) (x < Aw). (5.4.2)

We may approximate (5.4.1) by a finite sum and a remainder as

o? 2mtAw a
JETONE SR (R

dn(Aw)?
where the last term was obtained by writing the remainder as an integral from
M to co. By choosing M = o%/4(Aw)? and letting & -> co, we have

N(a) ~ (Aw)?/2a (o> Aw). (5.4.4)

1 M1
N) ~ RAw(n{]l n—’}exp{—

This result is also obvious from the logarithmic singularity of the correlation at
the origin.
T Spectra are defined on the whole line (- o, ).
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Ficure 10. Spectrum of the phase fluctuations, adapted from Rice (1948)
(normalized on whole line}.

The spectrum was calculated from (5.4.3) by Rice (1948) for M = 12 and his
spectrum is shown in figure 10.

Usually & ~ Aw represents a frequency well above the highest turbulence
frequency of interest and the spectrum is experimentally white. Therefore, to
simplify the analysis in the remainder of this paper, we shall approximate the
spectrum of the random phase fluctuation by its value at the origin, that is

N(0) = 0-368Aw (x < Aw). (5.4.5)

5.5. The limit of spectral measurement

The limit of measurement of Fy,(x) will be determined by the frequency a, where
the ratio of the turbulence spectrum to the ambiguity spectrum is unity, or where

(K?[7) Fli(ao/@) = N(et). (5.5.1)

Non-dimensionalizing by Kolmogorov variables ¢ and v we have, using (4.2.7)
for Aw and the asymptotic estimate for Aw, given in equation (3.2.9),

(27)2 %

S i 5.5.2
15R2k}, sin% 10 ( )

FL(k,) = 9-33 x 10—3IE*R2{1+

where ky = oynfa. (5.5.3)

The first term represents the effect of the transit time broadening and the second

term represents the effect of the turbulence broadening. The parameter R is
defined by

(5.5.4)
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F1cUrE 13. Wavenumber corresponding to an ambiguity-to-turbulence ratio of unity under
optimum conditions. FL (ky) = 1-68 x 10—2R?, R = wA[2v sin 30 = 2n%2[v@,, R, = R[sin} 30,

Physically, R is just a Reynolds number based on the smallest length that can
be resolved in the mean flow direction; if the ‘crests’ of the light waves (wave-
length A) make an angle 16 with the direction of mean flow, then 1A sin {0 is the
smallest length that can be resolved in that direction.

The lowest ambiguity spectral level (highest cut-off frequency «;) is obtained
when the contributions of the turbulence and the transit time are equal; from
(5.5.2) the optimum cut-off wavenumber is then

Fiops = 1-27(Rsin 36)-%. (5.5.5)
Thus the lowest ambiguity spectral height for fixed R and 6 is given by
FL(ky) = 1-68 x 10-2R%/(sin 30)3. (5.5.6)

This equation implicitly determines the largest £, (the wavenumber for which
the ratio of the turbulence to ambiguity spectrum is unity) that can be obtained
for fixed R and 4.

The ambiguity spectral levels from (5.5.2) are shown in figure 11; the combined
effects of the finite transit time and turbulence broadening are demonstrated
as a function of 76*/70*0“ for B = 10 and sin 0 = 0-1.

The optimum spectra from (5.5.6) are shown in figure 12 for several values of
R, = R/sin? }6. Pao’s spectrum for the turbulence has also been plotted; Z, is
determined by the intersection of the turbulence and ambiguity spectra.



The laser-Doppler velocimeter 347

Finally, figure 13 shows k, as a function of R;. k, is determined implicitly by
(5.5.6) and Pao’s spectrum has been used for F1,(k,).

From figure 13 it can be seen that, for &, = 1, R/sin? 16 = 0-10. With typical
values of A = 6:3 x 10~%cm, v = 10~2cm?/s (corresponding to measurements in
water) and 2sin 0 = 0-2 we have w ~ 1-5cm/s. Relaxation of the resolution
requirements to &, = 0-1 increases the permissible mean velocity % by about two
orders of magnitude. It should be remembered, however, that the k, determined
from (5.5.6) is actually quite conservative since a turbulence/ambiguity ratio of
unity does not permit accurate determination of the spectrum.

From figure 12 it can be seen that, for &, ~ 1, the spectrum begins to deviate
perceptibly at about £, ~ 0-5. A certain amount of subtraction of the ambiguity
can be done since it is uncorrelated with the turbulence.

The situation might be improved somewhat by increasing the mean Doppler
frequency @, which corresponds to increasing the scattering angle ¢. Unfor-
tunately, forward scattering is much more efficient and it is difficult in practice
to achieve a suitable Doppler signal when 2sin {6 is much above 0-7. Additional
problems may arise from the electronics as higher frequencies are used.

5.6. Intensity measurements and higher order statistics

We have seen that the mean-square value of ¢ is infinite. This value in practice
is finite because of the low-pass filtering introduced by the detection process;
however, considerable contamination of intensity measurements from the in-
stantaneous signal may result because of the wide-band nature of ¢. Clearly
ambiguity contributions will be present and perhaps even dominant in attempts
to measure higher order statistics such as skewness and kurtosis.

5.7. Two-point velocity correlations

Two-point velocity correlations may be performed using two independent laser-
Doppler velocimeters. From (2.3.3) and the fact that F' and ¢ are Gaussian it
may be shown that the correlation between the phase fluctuations induced by
the Doppler ambiguity from the two velocimeters is no greater than

p{ r2 13 1} }
eXpl — g+t
2 2 2
208 203 20%
where (r,,7,,75) measure the distance between the scattering-volume centres in

the (z, ¥, z) directions respectively. When any one of ry, 75, 75 > 074, 05, 05 the phase
fluctuations are effectively uncorrelated and

2 1) (2 T
NP = PP + Og@
- wgl)waz)
T 4,2
= K2 u®,
where (1) and (2) denote the signals from the two velocimeters. This is consistent

with the observations of Clark (1970), who successfully measured velocity
correlations in turbulent pipe flow by using two velocimeters.
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It has been suggested (Morton 1970, private communication) that the phase
fluctuations from two velocimeters looking at the same scattering volume might
be uncorrelated if the velocimeters were placed at different angles to the flow
(i.e.rotated about the axis defined by the mean flow direction) because the phases
for individual particles would be different. An examination of (2.2.2) reveals
that the phase of a scattering particle depends only on its initial « co-ordinate,
which is the same for each velocimeter. Thus, while the correlation may not be
unity because of the possibly different amplitudes associated with each particle,
it will be significant if the scattering volumes overlap.

6. Summary and conclusions
6.1. Review of results

The limitations on the use of a laser-Doppler velocimeter in the measurement of
turbulence have been explored theoretically. The relationship between the size
of the scattering volume and the resolution of the velocimeter was explored and
criteria for accurate measurement were established; briefly, it was found that the
turbulent fluctuations of wavenumber larger than the cut-off wavenumber
associated with the largest dimension of the scattering volume were seriously
attenuated.

The influence of the Doppler ambiguity on the measurement of spectra and
other statistical quantities was examined. The Doppler ambiguity was seen to
arise primarily from the finite transit time of particles through the scattering
volume and velocity fluctuations within the volume. In addition, the effects
of a mean velocity gradient, Brownian motion, source non-monochromaticity
and electronic noise may be important. The spectrum of the phase fluctuations
was seen to be experimentally white and proportional in height to the band-
width of the Doppler ambiguity. Criteria for minimizing the height of the
ambiguity spectrum were established and an optimum scattering-volume cut-off
wavenumber for minimization was given as

Fxopt = 1:27(Rsin 36)-4, (6.1.1)

where R = 27U %/v@, and where k, is the dimensionless cut-off wavenumber
associated with the dimension of the scattering volume in the direction of the
mean flow.

6.2. The measurement of spectra

We must discuss the relationship between the resolution criteria and the criteria
for minimizing the Doppler ambiguity.

For small scattering angles, the wavenumber m, associated with the largest
dimension of the scatbering volume is related to &, by

My = kysin 30/cos 10. (6.2.1)
We then have

3 sin 16]%
Moyopt = k*()pt-()—o?%—ﬁ = 1'27[ R2 ] s (6.2.2)
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Ficure 14. Plot of combined ambiguity and spatial resolution cut-off
wavenumbers. My, = 1-27(sin (40)/R]}, sin 40 = 0-145.

Wesawin§ 3.1 that /7, determines the half-power point of the spectral transfer
function, that is, the wavenumber at which the measured spectrum is attenuated
by 509, Clearly 7iy,,, determines the half-power point when the scattering
volume is ¢hosen for minimum Doppler ambiguity. Figure 14 shows a combined
plot of, first, the wavenumber at which the turbulence-to-ambiguity ratio is
unity and, second, the wavenumber of half-power attenuation to which the
spectrum may be corrected by subtracting the ambiguity (sin 16 has been chosen
as 0-145). By choosing values of %, greater than lz*opt the half-power attenuation
may be moved to as high a wavenumber as we please; however, the Doppler
ambiguity will be sharply increased as will the error involved in obtaining the
corrected spectral values.

To summarize the above comments into a practical plan for research: in all
but the most unusual circumstances, the size of the scattering volume should
be determined by (6.2.2) for minimum ambiguity; the spectral values obtained
should then be corrected by subtracting the Doppler ambiguity; and finally,
the corrected values should be multiplied by the inverse transfer function
F3,(k)[Fy(k,) to determine the true spectrum.
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Ficure 15. Technique for eliminating ambiguity by cross-correlation.

6.3. Possible alternatives for spectral measurement

It has been suggested by some investigators that the Doppler ambiguity might
be eliminated by using a frequency-tracking device. A frequency tracker basically
averages the product of the signal and the frequency of a local oscillator, adjusting
the local oscillator frequency to minimize the mean product. It is thus seen to
be equivalent to a filter, operating on the input slewing rate, the filter charac-
teristic being determined by the loop gain and the averaging characteristic. If
the slewing rate ¢ of the phase fluctuations due to the Doppler ambiguity were
significantly different from the slewing rate w, of the turbulence, the averaging
time of the frequency tracker might be adjusted to average out the ambiguity
fluctuations. Unfortunately, this attractive possibility does not correspond to
reality; an examination of the spectra reveals that the slewing rates of the
ambiguity and turbulence are quite similar and thus indistinguishable on the
basis of second-order statistics. Clearly the frequency tracker can remove the
Doppler ambiguity only by also removing some of the turbulence.

It was pointed out in §5.7 that two-point correlations may be performed by
using two velocimeters since the Doppler ambiguity is uncorrelated if the
scattering volumes do not overlap. If sufficient accuracy in determining the
spectrum is not obtainable using the subtraction procedure suggested above,
we may use two velocimeters whose scattering volumes are very close to each
other - say within the turbulence microscale — although not overlapping; figure 15
shows a possible configuration. After performing time correlations between the
two outputs, we may obtain the spectrum by Fourier transforming the corre-
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Velocity

Application Radiation A (m/s) 25 R o
Grid turbulence in water  Light 0-6 gm 1 500 kHzt 2 0-5
Grid turbulence in air Light 0-6 pm 1 500 kHzt 0-3 0-8
Wakes in air Light 0-6 gm 300 150 MHzt 40 0-1
Clear-air turbulence Radar 1em 13 100 Hz§ 600 0-01
Oceanic turbulence Sonar 0-01 cm 1% 20 kHz§ 50 0-1

T sin $0 ~ 0-1, 1 No mean velocity; 4’ ~ 1 m/s. § Backscattering; sin £6/2 ~ 1.
TasiE 1

lation. Since the Doppler ambiguities of the two velocimeters are uncorrelated
and since the velocimeters are essentially sampling the same velocity fluctuation,
the measured correlation is simply the correlation of the turbulence alone as is
the resulting spectrum. Clearly, the spectrum can only be resolved to scales
corresponding to the separation between the scattering volumes. This method of
measuring spectra suffers from several obvious disadvantages: it requires two
velocimeters instead of one, it requires very careful alignment to avoid over-
lapping and crosstalk, and considerable added effort is necessary to correlate
and transform the outputs.

6.4. Conclusions

Theinfluence of the Doppler ambiguity, together with the problems of resolution,
have been shown to provide major limitations on the use of the laser-Doppler
velocimeter in the measurement of turbulence.

It should be noted that these limitations apply to all Doppler velocimeters
regardless of the incident radiation. Table 1 shows an estimate of the dimension-
less wavenumber at which the turbulence-to-ambiguity ratio is unity for a
number of different applications. These estimates show that the possibility of
measuring dissipation spectra in high-speed or in geophysical flows using Doppler
velocimeters is quite remote.

Part 2. Experimental verification

7. The apparatus 7.1. The optical system

The optical system used in these experiments is of the type proposed by Goldstein
and is shown in figure 16. The system was chosen for its simplicity and for the
ease with which it could be aligned.

The source of radiation was a nominal 50 mW neon-helium laser (Spectra-
Physics Model 125); the actual output was closer to 90 mW. The beam was
vertically polarized and of Gaussian cross-section. The distance between the
1/e2 points of intensity was about 2 mm and the divergence angle was less than
0-7 mrad.
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PRI

100 mW
He-Ne laser
6328A

Fiaure 16. Optical arrangement. L1, L2, lenses; PR1, PR2, polarization rotators; M1,
M2, M3, front surface mirrors; BS1, polarizing beam splitter. w, = 27(2ufA) sin 0.

The beam was split into the reference and scattered beams by means of a
polarized beam splitter which passed only horizontally polarized light. By
rotating the plane of polarization of the incoming light with a polarization
rotator (Spectra-Physics Model 310), the relative intensity of the two beams
could be adjusted for the optimum signal strength. A second polarization
rotator served to return the horizontally polarized beam to being vertically
polarized since the scattering intensity is maximized when the polarization of
the light is perpendicular to the plane of scattering (which in our case was
horizontal).

The two beams were focused to the desired region in the flow with spherical
lenses obtained from Ealing Optical. Since the f-number based on beam diameter
in our experiments ranged from 50 to 1000, aberrations were negligible and the
lenses were diffraction-limited to a high approximation. Precise alignment was
afforded by micrometer mirror mounts (Oriel Model 145) in the reference and
scattered beams.

The entire optical system rested on a 7001b concrete table supported by four
viscoelasticsandwich pads. Thisarrangement served to minimize vibrations to the
point where no realignment of the optics was necessary over run periods upto 3 h.

The test section was circular in cross-section and constructed of Plexiglas
tubing. To minimize the lens effect of the test section, an optically flat box was
placed around the test section and filled with water so as to provide an approxi-
mately constant index of refraction. No additional optical filters or apertures
were present between the flow and the photodiode.

7.2. The scattering agent

Because of the large quantity of scattering particles necessary for a 1000-gallon
facility, an inexpensive supply was necessary. Homogenized milk in concentra-
tions of about 1:2000 was found to provide an excellent signal-to-noise ratio.
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Ficure 17. Signal processor.

From Clayton, the average fat particle size is approximately 0-3 ym with about
10 particles per litre of milk; hence, the particle concentration was approxi-
mately 5 x 107 particles per c.c.

7.3. The optical receiver

The heart of the receiver package was an EG & G Model SDG-040A photodiode
(surface area ~ 0-1cm?). This was chosen because of its high quantum efficiency
(~ 509%,) and low cost (~ $15-00). The photodiode was biased at 90V with
standard mercury cells. The noise was primarily due to the input noise from the
first amplifier stage; this represented a distinet improvement over previous
attempts to use a photomultiplier tube where, because of the much lower
quantum efficiency, the noise was predominantly photon shot noise from the
reference beam. With use of the latest avalanche and combination diodes, the
noise in our set-up could probably have been reduced to the shot noise limit, but
this was not deemed necessary.

The photodiode was followed by a single broad-band amplifier having a gain
of 12, a tunable band-pass filter (250-700kHz) with a bandwidth of about 10 %,
and an infinite clipper (gain ~ 140db) which effectively removed all the ampli-
tude information. Signal-to-noise ratios measured after the filter by blocking the
scattering beam typically ranged from 10 to 50.

23 FLM
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Fioure 18. Flow facility.

7.4. Frequency-to-voltage convertor

The frequency-to-voltage convertor, together with the optical receiver package,
is shown in figure 17. The frequency-to-voltage convertor was constructed from
standard Honeywell 5 me microcircuits (u-PACS) along with a —60db/octave
Butterworth low-pass filter (Wyngaard & Lumley 1967). The response was linear
to inputs between 8 kHz and 1 MHz to within 3 9.

7.5. The flow facility

The facility used in these experiments is shown diagrammatically in figure 18.
It is essentially a closed-circuit water tunnel with a 1-7 in. I.D. circular test
section. The flow passes from a 1000-gallon reservoir into a long settling chamber
12in. in diameter by 30in. From the settling chamber the fiow enters the test
section through a 36: 1 contraction. The flow is pulled through the test section by
a pump which permits flow rates up to 10 m/s; the flow rateis controlled by varying
the pump speed or by adjusting the valve in the return system. The mean flow
rate shows negligible drift over periods up to an hour and the root-mean-square
velocity fluctuation with no grid is less than 0-2 %, of the mean flow rate.

For the turbulence experiments a grid was inserted at the end of the contraction.
The grid was of bipla,ne design and was constructed of no. 19 hypodermic tubing.
The bar spacing was 0-1in.; this corresponded to a solidity of 0-32, which was
close to that used by other investigators of homogeneous turbulent flows (cf.
Comte-Bellot & Corrsin 1966).

Mean flow velocities were measured with a Potter flow meter (Model 1-5550)
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which was installed after the test section. The meter produced a signal whose
frequency was proportional to the mean flow rate. The frequency of the flow
meter output was monitored with a counter and flow rates were read from the
calibration curve, which was linear over the range of velocities used.

7.6. The measurement of spectra and correlations

Spectra were measured by feeding the amplitude-modulated signal from the
detector of the laser-Doppler velocimeter into a Hewlett—Packard Model (302A)
Wave Analyser (equivalent noise bandwidth 6 ¢/s). The internal 100 kHz carrier
from the wave analyser was squared by a Ballantine true r.m.s. voltmeter (Model
320A) and integrated for 60s by an analog integrator yielding a d.c. output
proportional to the spectral height. The system was calibrated independently
with a low-passed white noise signal.

Analysis of the data reveals a consistent decrepancy between experiment and
theory which can be traced only to an incorrect calibration. Unfortunately, this
apparent error was discovered too late to be rectified and the data are presented
as originally taken.

Correlations were performed with a PAR correlator having a time constant
of 10 s.

8. The measurements
8.1. Background

Spectral measurements were taken in both laminar and turbulent flow in water
in an attempt to identify the separate effects of finite particle transit times and
the turbulent fluctuations across the beam. In all cases the effect of the noise was
less than 1 9.

The flow velocities varied from 70 to 100 em/s and the Doppler beat frequencies
from 250 to 650kHz. This corresponded to values of R from about 1 to 3.

8.2. Laminar flow

Figure 19 shows measured spectra in laminar flow. The measurements were
non-dimensionalized by the Doppler bandwidth calculated from the flow velocity
and lens focal length. The dependence of the height of the ambiguity spectrum
on the transit time Aw = (1/k,U) is clearly shown in figure 20, in which the
spectral height is plotted as a function of k4. In both cases, the data are about
65 9, high. Analysis of the turbulent data presented below reveals that this error
must be in calibration.t

8.3. Turbulent flow

The measurements in turbulent flow were taken 45 mesh lengths behind the grid,
where the turbulence is approximately isotropic. Spectra were non-dimen-
sionalized by v and the rate of dissipation e determined from the measured

+ It has here been assumed that Rice’s prediction of the spectral height is correct and
his theory applicable. This assurption is supported by the observations of other in-
vestigators (Berman & Dunning 1973).

23-2
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Ficurn 19. Measured ambiguity spectra in laminar flow. Aw = k,%, % = 80 cm/s.
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Ficure 20. Dependence of spectral height N(0) on Aw = %k, (k, calculated from lens focal
length), » N(0) = 0-368Aw. Uniform laminar flow; % = 80 cm/s.




The laser-Doppler velocimeter 357

1 e <
0
<
= XX
Ty X x X
jo? Theoretical ]
__1 —
N 0
i |
-2 —1 0

log %,

F16cure 21. Measured (crosses) and corrected (circles) spectra in turbulent flow shown with
spectrum measured with hot-ilm anemometer. Ry = 2x 103, /M = 45, k, = 39,
sin 30 = 0-145.

decrease in turbulent intensity with distance from the grid. The intensity measure-
ments were taken with a hot-film anemometer because of the high ambiguity-
to-turbulence ratio in such a low intensity flow.

A typical turbulence spectrum is shown in figure 21. The measured spectral
values are seen to approach a constant value and then to drop slowly; the slow
drop-off seems to begin at about the wavenumber corresponding to « ~ Aw as
predicted. The constant value was subtracted from the measured spectral values;
the result is seen to be within experimental error of that measured with a constant
temperature hot-wire anemometer and a conical hot-film probe.

Corrected spectral measurements for six different values of k, are shown in
figure 22. The smallest value of % used (0-55) corresponds to a value of /iy = 0-08.
Clearly, as expected from the analysis of §3.1, this set of measurements shows
considerable attenuation (~ 509,) at all wavenumbers. Because of the low
Reynolds number (deviation from Pao’s spectrum at low wavenumbers) and
the large error at high wavenumbers, it was not possible to perform an accurate
check on the transfer function given in §3.1.

Figure 23 shows the measured ambiguity spectral height (determined from the
asymptotic values of the turbulent spectra) as a function of Iy /k*opt, where £k, opt
is computed from (5.10.5). The asymptotic theory is not applicable here because
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of the relatively small values of /7t .. Likewise, the turbulent bandwidth computed
from Pao’s spectrum is too high since it is clear from the measured spectra that
the velocity fluctuations at low wavenumbers are overestimated. The transverse
spectrum F%5,(k,) was computed from the longitudinal spectrum F},(%,) obtained
from the laser-Doppler velocimeter measurements and this was used in (3.2.10)
to compute the turbulent bandwidth Awp. As before, the measured values are
above the theoretical curve. If this error were other than from calibration, the
minimum would occur in the wrong place.

Figure 24 shows time autocorrelations at two distances from the grid (no
attempt was made to calibrate the vertical axis). The effect of the ambiguity is
dramatically illustrated in spite of the 5 kHz low-pass filter in the detector.

8.4. Conclusions

The measurements taken in both laminar and turbulent flow show the trends
predicted by theory. Since there are no adjustable constants in either theory or
experiment in the prediction of the results of figure 23, these results must be
regarded as conclusive and the theory substantially correct.
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Fieure 23. Typical turbulence autocorrelations illustrating the effect of
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Appendix
g(x) has been defined as a random weighting function which accounts for the

presence or absence of the scattering particles, as well as their size. For con-
venience, we define

9(x) = g:(x) A(x), (A1)

where ¢,(x) accounts for the presence or absence of the scattering particles and
A(X) accounts separately for the particle size—in this context its scattering
coefficient (. For dilute solutions, g,(x) and 4(x) are statistically independent.

If N; is the instantaneous number of particles in the scattering volume V,
we have

Y= [ g (4 2)
14
and Fo= N, = [ g ix =57 (A3)
14

since g,(x) is homogeneous. Therefore

7(X) = N[V = p, (A4)

where g is the expected number of particles per unit volume.

The scattering particles are usually distributed as Poisson random variables;
hence, if P(XV;) is the probability of having N, particles in the volume, we have
(Rice 1954)

M= 3 NP(N) = pV(1+uV). (A 5)

N;=0
We also have

M- [[ atamxdx. (4 6)
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Using generalized functions (Lumley 1970)

ff d(x,xX")dxdx" = p*V? (A7)
has the solution ¢ = 42 and ’
HV¢(x,x')dxdx' —uV (A8)
has the solution ¢ = ud(x ~x’). Hence,
() g1(X") = g2+ pd(x ~x'). (A 9)

For a monodisperse particle distribution normalized to unit size, g(x) = ¢,(x).
Since g,(x) and A(x) are statistically independent, the extension of the above
results to arbitrary particle distributions is straightforward.
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